Abstract. We clarify the relationship between higherétale wild kernels of a number field at the prime 2 and the Galois-coinvariants of Tate-twisted class groups in the 2-cyclotomic tower of the field. We also determine the relationship between theétale wild kernel and the group of infinitely divisible elements of H 2 (F, Z 2 (j + 1)){2}.
Introduction
The existing literature onétale wild kernels of number fields deals almost exclusively with odd primes or at least non-exceptional number fields. The purpose of this article is to clarify what happens at the prime 2 for exceptional number fields. In particular, certain groups which naturally coincide in the case of odd primes are shown to be distinct in the case p = 2. The higherétale wild kernels W Ké t 2j (F ) of a number field F are natural generalizations of the classical wild kernel. They are of interest to K-theorists and number theorists because of their connection with the Quillen-Lichtenbaum conjectures (see for example [1] ), Lichtenbaum's conjectures on values of zeta-functions (see [18] ) and the Leopoldt and Gross conjectures (see [10] and [14] ). They, or at least their Pontryagin duals, first appeared in Schneider's paper [18] as 'certain Galois cohomology groups' (the groups R n (k) of that paper). Nguyen Quang Do introduced 'higher analogues of the wild kernel', the groups X 2 S (Z p (i)), in [13] and Kolster in [10] considered these same groups, which he named higherétale wild kernels and denoted W Ké t 2j (F ). Tate in [19] showed that for a number field F the p-torsion subgroup K 2 (F ){p} of K 2 (F ) can be naturally identified with the group H 2 (F, Z p (2)){p}. Similarly K 2 (O F ){p} can be identified with H 2 (G S , Z p (2)). Here S is the set of p-adic and infinite primes, G S is the Galois group of the maximal algebraic extension of F unramified outside S and M (n) denotes the nth Tate twist of the Galois Z p -module M . With these identifications the classical wild kernel of the field can be described as the group
The higherétale wild kernels are the groups for j = 0. The articles named above confine themselves mainly to the case where p is odd or where p = 2 and √ −1 ∈ F . Schneider proved the following result under these hypotheses: Let X ∞ = X ∞ (F ) = lim n Cl S (F (µ p n )) and let Γ ∞ = Gal(F (µ p ∞ )/F ). Then (Schneider [18] , Section 6, Lemma 1. See also Nguyen Quang Do, [14] , Théorème 1.1). Schneider also proves that (when p is odd) W Ké t 2j (F ) = div(H 2 (F, Z p (j + 1)){p}) (see Kolster [10] ,Theorem 1.7) where div(A) = ∩ n∈N A n denotes the group of infinitely divisible elements in the group A. In this paper we consider the analogues of these results in the case where p = 2 and F is possibly exceptional. We show that when p = 2 there is still a natural map (X ∞ (j)) Γ∞ → W Ké t 2j (F ) which is an isomorphism when F is nonexceptional, but is in general neither injective nor surjective. We show (Theorem 4.3) that the cokernel of this map is the group
(Here Z/2 ∞ = colim n Z/2 n and S is the set of dyadic and real primes of F .)
Furthermore, the group X 1 S (Γ ∞ , Z/2 ∞ (−j)) can be described as follows (Lemma 3.3 (iii)): Recall that a field F is exceptional if Γ ∞ (F ) contains an element of order 2. We say that the exceptional field F is special if Γ ∞ (F v ) = Γ ∞ (F ) for all primes v of F . We say that an exceptional number field is very special if F v is non-exceptional for every prime v of F . Then
if j is odd and F is special Z/2 if j is even and F is very special 1 otherwise.
However, we also show that when j is even and F is exceptional then there is a version of Schneider's Theorem available: Let
(Theorem 4.9 (ii) and Corollary 5.7 below.) There does not appear to be a natural analogue of this theorem when j is odd and F is exceptional. The term 'special' above refers to the special case of the Hasse principle for the Galoismodule µ 2 n , see [12] , IX.1. The term 'very special' is new. As a corollary to Theorem 4.3 we show that when F is very special W Ké t 2j (F ) has order divisible by 2 for all j = 0 (Corollary 4.4). Furthermore, when j is even and nonzero, the transfer homomorphism W Ké
(F ) fails to be surjective precisely when F is very special (Corollary 4.5).
In the final section, we prove that (for j ≥ 1) the group D(F, j) of divisible elements in H 2 (F, Z 2 (j + 1)){2} is naturally a subgroup of W Ké t 2j (F ) and that the quotient W Ké t 2j (F )/D(F, j) is the group X 1 (F, Z/2 ∞ (−j)) which has order 2 when j is odd and F is special and is trivial otherwise (Theorem 5.6 and Corollary 5.7). We note that the map (X ∞ (j)) Γ∞ → W Ké t 2j (F ) can have a nontrivial kernel even in the case j = 1 (see Example 5.5). However, we have not been able to find a general description of this kernel. For a number field F , Østvaer ([15] ) used the results of Rognes-Weibel in [16] to define the higher (algebraic) wild kernels of F at the prime 2 via an exact sequence
Here S = S if j ≡ 1 (mod 4) and S is the set of dyadic primes otherwise. The results of Rognes-Weibel imply that the algebraic andétale wild kernels agree (after making natural identifications) when F is totally imaginary. Acknowledgements: As this article was being completed in May 2004, C. Weibel kindly sent me a draft copy of his preprint [20] in which he has proven that the (algebraic) wild kernel K w 2j (F ) contains the group of divisible elements of K 2j (F ) and that equality occurs except when j is odd and the field is special (in which case the index is 2). The methods and the point of view of that paper are different from those in this article. Seeing Weibel's paper allowed me to correct an error in a previous version of this article (now rectified by Lemma 2.7 (iii) below). Furthermore his preprint suggested to me the version of Schneider's theorem mentioned above in the case where j is even and F is exceptional (see Remark 3.4 to end of section 3). I would particularly like to thank T. Nguyen Quang Do for very valuable comments on an earlier version of this paper at a conference in Metz in 2002. Furthermore, this version is very much indebted to Nguyen Quang Do's paper [14] , as will be clear to the reader. I would also like to thank A. Movahhedi for very useful conversations and for directing my attention to [14] . The research in this article was partially funded by Irish Research Council for Science, Engineering and Technology Basic Research Grant SC/02/265.
Special and very special number fields
Notation: Suppose that A is a (multiplicative) abelian group. We let A[m] denote the subgroup of {a ∈ A|a m = 1}. We let
Suppose that F is a field of characteristic other than 2. We will let ζ 2 n denote a primitive 2 n -th root of unity in some extension of F . Let µ 2 n denote the group of all 2 n -th roots of unity and let (Z/2 n ) × be the group of units of the ring Z/2
Recall that the subgroups of (Z/2 n ) × are the groups 1+2 a , −1+2 a and −1 × 1+2 a (with 2 ≤ a ≤ n).
It will be convenient to use the following terminolgy below: Suppose that n ≥ 3. We will say that γ ∈ (Z/2 n ) × is positive if γ ≡ 1 (mod 4). We will say γ is negative if γ ≡ −1 (mod 4) but γ = −1. If Γ is a subgroup of (ζ/2 n ) × , then the set of positive elements of Γ is a subgroup which we will denote Γ + . If Γ = Γ + we will say that Γ is positive. A cyclic subgroup Γ of (Z/2 n ) × which contains a negative element will be called a negative subgroup. Clearly, if Γ is a noncyclic subgroup of (Z/2 n ) × then Γ = −1 × Γ + .
Definition 2.1. Suppose F is a field of characteristic other than 2. F is exceptional if −1 ∈ Γ n (F ) for all n ≥ 2, and nonexceptional otherwise. Equivalently, F is exceptional if Γ ∞ (F ) contains an element of order 2.
Example 2.2. The fields R and Q 2 are exceptional, while the fields C and Q p , where p is an odd prime, are not. Clearly any subfield of an exceptional field is exceptional.
For a number field F , we will say that the prime v is exceptional if the corresponding completion, F v , is an exceptional field. Thus, among the infinite primes the real primes are exceptional.
Remark 2.4. For a number field or for a nonarchimedean local field F , |Γ n (F )| → ∞ as n → ∞. Thus such a field F is exceptional if and only if Γ n (F ) is noncyclic for all sufficiently large n. Suppose then that F is an exceptional number field. Certainly, for any nonexceptional or infinite prime v, Γ n (F v ) = Γ n (F ) for all sufficiently large n. By example 2.2 it follows that F is special if and only if Γ n (F v ) = Γ n (F ) for all exceptional dyadic primes v (and all sufficiently large n). Since odd p-adic primes are nonexceptional, F is very special if and only if every dyadic and infinite prime is nonexceptional. Of course, a very special number field is special. (For more details and examples, see Hutchinson, [4] .) Let E/F be a Galois extension of number fields with Galois group Γ. Let M be a finite Γ-module. For j = 1, 2, let
where v runs over all the primes of F , and G v is the decomposition group of some prime of E which lies over v. More generally, if T is any set of primes of F let
For a number field F with absolute Galois group G F , we now want to consider the
n . Thus, µ ⊗i 2 n is (noncanonically) isomorphic to µ 2 n with the Galois action
(ii) If Γ is noncyclic, then there is a split short exact sequence
Proof. (i) If i is odd it is easy to show that H 1 (Γ, µ) = 1: see Hutchinson [3] , section 2, for example. We will suppose that i is even. For a nonzero element x of Z/2 r = End(µ) we let v 2 (x) be the 2-adic valuation. Note that if x and k are odd then
. N Γ acts on µ as multiplication by 1 + x + · · · + x 2 t −1 which has 2-adic valuation t.
Thus H
(ii) The Hochschild-Serre spectral sequence for the extension 1 → Γ + → Γ → −1 → 1 gives an exact sequence
If i is odd, the last term is trivial by (i). Suppose that i is even. Then −1 acts trivially on µ and thus
which splits the rightmost map above.
When Γ is noncyclic, we will let K denote the image of
Lemma 2.7. Let µ be a cyclic group of order
If Γ is noncyclic and if Γ = Γ, then ρ has a kernel of order 2 which is independent of Γ . Otherwise this map is an isomorphism.
(ii) Suppose that i is even. So i = 2 s m where m is odd and s ≥ 1. Suppose furthermore that |Γ | ≥ 2 s+1 .
If Γ is noncyclic and Γ is cyclic then the kernel of ρ is the subgroup K. Otherwise this map is an isomorphism. (iii) Suppose that i is even. If Γ is noncyclic and if Γ is a negative cyclic subgroup of order at most 2
Proof. (i) The case where i is odd is almost identical to the case i = 1 which is well known (see, for example, [12] , Chapter IX, 9.1.3 or Hutchinson, [3] , section 2). In this case, H 1 (Γ, µ) is trivial if −1 ∈ Γ and has order 2 otherwise. ρ is an isomorphism if Γ = Γ and is the trivial homomorphism otherwise.
(ii) and (iii) If Γ is cyclic of order 2 t , then
w then H 1 (Γ , µ) = µ 2 n−w /µ 2 n−w+s and the restriction homomorphism
is realised as multiplication by 1 + γ + · · · + γ 2 t−w −1 whose image in End(µ) has 2-adic valuation t−w. Thus this restriction homomorphism is an isomorphism in this case. Now consider the case where Γ and Γ are non-cyclic. By Lemma 2.6 (ii) we have a commutative diagram with exact rows
The left vertical arrow is easily seen to be an isomorphism and the right vertical arrow is an isomorphism by the argument just given. Thus ρ is an isomorphism in this case. Next suppose that Γ is noncyclic and Γ is a positive cyclic subgroup of order at least 2 s . Then Γ ⊂ Γ + and the restriction H
Finally, we consider the case where Γ is noncyclic and Γ is a negative cyclic subgroup of Γ. We will show that K ⊂ Ker(ρ) if and only if |Γ | ≥ 2 s+1 .
Note that since Γ is negative, the composite Γ → Γ → −1 is surjective. The kernel is
However, the Hochschild-Serre spectral sequence of the extension 1
Suppose now that Γ + = 1 + 2 a (a ≥ 2) and Γ = γ = −1 + 2 b where n > b ≥ a. Thus |Γ | = 2 n−b = 2 w . As above, we see that
Thus α is injective if and only if µ 2 b+s = 1; that is, if and only if b + s ≥ n. This last condition is equivalent to 2 w = |Γ | ≤ 2 s .
We must prove finally that if Γ is negative of order at least 2 s+1 then Ker(ρ) is precisely K. To see this, observe that the map Γ → Γ → Γ + (sending −1 + 2 b to 1 − 2 b ) induces an isomorphism of Γ with a subgroup Γ of Γ + , preserving the module structure on µ (since i is even). Thus the composite
is easily seen to be the identity map.
Theorem 2.8. Let F be a number field. (i) Let T be any finite set of primes of F containing all dyadic and infinite primes. Let i ∈ Z \ {0}. Then for sufficiently large n,
if i is odd and F is special Z/2 if i is even and F is very special 1 otherwise.
(ii) For all i = 0 and for all sufficiently large n
Proof. Recall that if the number field F is exceptional, then F is special if and only if Γ n,v = Γ n (F v ) is a proper subgroup of Γ n for all dyadic primes v. F is very special if and only if F is totally imaginary and Γ n,v is cyclic for all n and all dyadic v. (i) Suppose that i is odd. Consider first the case that F is not special. If F is not exceptional, then −1 ∈ Γ n for all n and thus
On the other hand, if F is special, then for all primes v ∈ T , Γ n,v = Γ n and thus
(ii) and (iv). (c) Finally, F may be exceptional and totally imaginary but there exists a dyadic prime v for which Γ n,v is not cyclic for sufficiently large n. In this case,
2 n )) = 1 for sufficiently large n by Lemma 2.7 (ii) again. On the other hand, if F is very special then Γ n is not cyclic while for every prime v ∈ T , Γ n,v is cyclic and does not contain −1. Choose n large enough so that |Γ n,v | ≥ 2 s+1 for all finite v ∈ T . It follows from Lemma 2.7 (ii) that K is the kernel of the map
where S 2 is the set of dyadic primes. Thus (ii) follows from (i) in this case. Suppose now that i is even. Fix any finite prime v and choose n large enough so that
(ii). Now fix n as above and choose a finite prime w of F splitting completely in the field
m ) but not in the field F (ζ 2 n−s+1 ). These conditions ensure that Γ n,w = −1 + 2 n−s . Thus Γ n,w is negative of order 2 s and thus K is not contained in Ker(
Observe that there are natural inclusions of Galois modules η n : µ
when i ≥ 1, and dually η n (φ) = φ • π n and π n (φ) = φ • η n when i ≤ −1 (and identifying Z/2 n with Z/2 n+1 [2 n ] in the natural way).
Corollary 2.9. Let F be a number field.
(i) Let T be any finite set of primes of F containing all dyadic and infinite primes. Let i ∈ Z \ {0}. where the colimit is taken with respect to restriction of Galois groups Γ n+1 → Γ n and the homomorphisms η n .
(ii) For i = 0,
and thus (since the restriction map Γ n+1 → Γ n takes −1 to −1) there is an induced isomorphism
The same argument applies in this case.
Twisted Ideal Class Groups
For any field k, we will let G k denote its absolute Galois group. Fix a number field F . S will the denote the set of dyadic and infinite primes of F . T will denote a set of primes containing S. For any finite extension E/F , we will let T (E) denote the primes of E which lie over some prime of T . Let F T /F denote the maximal algebraic extension of F unramified outside T , and let G T (F ) = Gal(F T /F ). For a place v of F , let G v denote the Galois group G Fv . Let M be a finite G T -module. We let
and, more generally, if E/F is a subextension of
Let E/F be a Galois subextension of F T /F and let Γ = Gal(E/F ). Suppose that M is a Γ-module. Then we let
where Γ v is the image of the restriction map G v → Γ. We recall that the Tate module Z 2 (1) is the Z 2 [G F ]-module lim n µ 2 n , the limit being taken over the natural surjections µ 2 n+1 → µ 2 n , ζ → ζ 2 . More generally, for any i ∈ Z, we have
2 n , the colimit being calculated with respect to the maps η n . The Pontryagin dual of the
∞ , it follows that if M is a finitely-generated or torsion Z 2 -module then
Thus, if C is a finitely-generated
We will want to allow n to become infinite: Let
(the limit being taken with respect to the norm maps Cl S (F n+1 ) → Cl S (F n )). So far we have been concerned with the finite Z 2 [G F ]-modules µ ⊗i 2 n . We now wish to consider the continuous Galois cohomology of the modules Z 2 (i) and Z/2 ∞ (i) as in Tate [19] (which we will continue to denote by H i (, )). Thus, for any T ⊃ S, we have
2 n ) the colimit being taken over the maps η n . Since colim is exact, there is a natural identification
The following lemma is essentially well-known, but we include a proof for convenience of the reader.
Lemma 3.1. (i) Let T be a finite set of primes containing S. If µ 2 n ⊂ E, then
for any i in Z. The isomorphism is an isomorphism of Γ-modules.
(ii)
Thus there is an exact sequence
On the other hand, classfield theory gives an exact sequence
(see for example [12] , 8.3.20) , from which we derive the sequence
Thus, comparing the sequences gives
(ii) Recall that lim is an exact functor on the category of profinite abelian groups. Taking lim of the classfield theory sequence (1) thus gives an exact sequence
Now argue as in (i).
Corollary 3.2. (i) Let T be a finite set of primes containing S. For any i ∈ Z there is an exact sequence
(ii) For any i ∈ Z there is an exact sequence
Furthermore, the right-hand arrow is an isomorphism if F is nonexceptional and i = 0.
Proof. (i) For each v ∈ T , we fix an embedding of F T in an algebraic closure,F v , of F v . Thus we can consider G v as a subgroup of G S and for each v ∈ T , let Γ n,v be the image of G v in Γ n and let
It follows from Shapiro's Lemma that there is a natural isomorphism
Thus the Hochschild-Serre spectral sequences for the extensions 1
Γn by Lemma 3.1.
(ii) For the first statement, use the Hochschild-Serre spectral sequence for the extension
and argue as in (i).
The second statement is essentially Schneider's theorem ( [18] , Section 6, Lemma 1): Observe first that if F is nonexceptional then Γ ∞ ∼ = Z 2 . It follows that H 1 (Γ ∞ , Z/2 ∞ (i)) = 1 for all i = 0. To see this, observe that the long exact cohomology sequence derived from the sequence 1 → Z/2 → Z/2
where the first two groups are cyclic of order 2. On the other hand, H 2 (Γ ∞ , Z/2 ∞ (i)) = 1 since Γ ∞ has cohomological dimension 1. Thus using the four-term exact sequence
(iii) For i = 0 and all sufficiently large n
Proof. (i) The argument in the proof of Corollary 3.2 gives an exact sequence 1 →
Fn /2 n is clearly surjective by the Chebotarev density theorem.
(ii) By exactness of colimits together with part (i),
So the result follows from Corollary 2.9.
if i is even, and is trivial otherwise. 
This latter kernel is just X 1 S (Γ n , µ In particular, using the ideas above (together with the fact that the groups G F i n act trivially on µ ⊗i 2 n ), this implies: Lemma 3.5. (i) For i = 0, and for any (not necessarily finite) set of primes T of F containing S
if i is even and F is exceptional
Using the methods of the proofs of Corollaries 3.2 and 3.3, and taking into account Lemma 3.5, we obtain: Theorem 3.6. (i) For any i = 0 there is an exact sequence
(ii) If i is even and nonzero then
When i is even and nonzero we have
To prove (ii), use the sequence of terms of low degree associated to the HochschildSerre spectral sequence of the extension 1 
4.Étale wild kernels
In this section S = S(F ) will denote the set of dyadic and real infinite primes of F . We will also require below the fact that for T any finite set of primes containing the dyadic and infinite primes the Galois cohomology groups H i (G T , µ 
. Let T ⊃ S be a not necessarily finite set of primes of F . Then there is a natural isomor-
For the modules M = Z 2 (i), there are in general, for any m and i, short exact sequences
(see Jannsen, [6] ). The lim 1 terms vanish if the groups H m−1 (G T , µ ⊗i 2 n ) are finite. For j = 0, let
Thus, by Lemma 3.3, we have:
For a number field F , recall that theétale wild kernels (at the prime 2) are defined by
for j = 0.
Lemma 4.2. For any number field F and for any j = 0,
Proof. Since S is finite, the groups H 1 (G S , µ ⊗i 2 n ) are finite, as are the groups H 1 (G v , µ ⊗i 2 n ) for any v ∈ S. Thus, by the remarks above and by left-exactness of lim, we have
Theorem 4.3. For j = 0 and n ≥ 1, there is a commutative diagram with exact rows
Proof. Corollary 3.2 and Lemma 3.3 give a commutative diagram with exact rows
Taking the Pontryagin dual and using Poitou-Tate duality gives the result. Likewise, the last statement follows from Corollary 3.2 (ii) on taking duals. 
where the first map is the transfer.
Proof. We have F ( √ −1) = F 2 and X ∞ = X ∞ (F ) = X ∞ (F 2 ). The field F ( √ −1) is certainly nonexceptional. Thus we obtain a commutative diagram with exact rows in which the left vertical arrow is surjective:
Of course, Theorem 4.3, implies that when F is non-exceptional then the transfer maps induce isomorphisms
i.e., there is Galois co-descent for theétale wild kernels in the 2-cyclotomic tower. In particular, it follows that for any number field F , the transfer induces an isomorphism W Ké 
. Then for all n ≥ 2, there is an exact sequence
Note that K(F, j) need not be trivial (even if F is totally imaginary); see Example 5.5 below.
It is known that for j ≥ 1, the groups H 2 (G S , Z 2 (j + 1)) -and hence also the groups W Ké t 2j (F ) -are finite 2-groups (Rognes-Weibel [16] , Proposition 6.11). The following result is due to Keune when j = 1 ( [9] , Theorem 6.6). Nguyen Quang Do ( [14] , Cor. 1.4) proved it under the assumption that √ −1 ∈ F but his proof (which we give here) applies in the more general situation of a nonexceptional number field.
Corollary 4.7. Let F be a nonexceptional number field and let j ≥ 1. Let n be large enough so that W Ké
Proof. We have
This last group is dual to the group (X
Now the exact sequence of coefficients 1 → µ
gives a commutative exact diagram (in which the two lower rows are short exact sequences)
Note that for a field E,
). So the map β 0 is a diagonal embedding (given the conditions on n).
We wish to conclude that
By the snake lemma, this is equivalent to showing that Coker(β 0 ) maps injectively to Coker(β 1 ). Now, by construction, the image of the connecting homomorphisms
). Suppose now that η = (η v ) v ∈ ⊕ v∈S H 0 (F n,v , Z/2 ∞ (−j))/2 n and that δ(η) = β 1 (φ) for
). We must show that η = β 0 (ζ) for some ζ.
Since δ(η v ) ∈ Hom(Γ ∞ (F n,v ), µ ⊗(−j) 2 n ) for all v, it follows that β 1 (φ) ∈ ⊕ v∈S Hom(Γ ∞ (F n,v ), µ ⊗(−j) 2 n ) and thus that β 1 (φ) is diagonal (since Γ ∞ (F n,v ) = Γ ∞ (F n ) for all v ∈ S). Since δ is injective, η is diagonal and thus lies in the image of β 0 . Corollary 4.8. Let F be a number field. For all j ≥ 1, the natural maps (X ∞ (j)) Γ∞ → (Cl S (F n )/2 n (j)) Γn are isomorphisms for sufficiently large n.
Proof. Applying Theorem 4.3 and Corollary 4.7 to the nonexceptional field F 2 = F ( √ −1) gives isomorphisms
for all sufficiently large n. The result follows by taking Γ 2 -coinvariants.
Using Poitou-Tate duality, but starting from Theorem 3.6 instead of Corollary 3.2, gives us (ii) If j is even and nonzero, then W Ké
Remark 4.10. We have not considered the case j = 0 in this paper, where even the basic definitions are problematic. In [14] Nguyen Quang Do proposes the definition W Ké t 0 (F ) := (X ∞ ) Γ∞ , at least when p is odd or √ −1 ∈ F . He points out that this group is naturally identified with the p-adic logarithmic class group of Jaulent (see Jaulent [7] and JaulentSoriano [8] ). However, Theorem 4.9 (ii) suggests that when j = 0 we should possibly define W Ké . This is equal to (X ∞ ) Γ∞ when p is odd or F is nonexceptional, but is equal to (X + ∞ ) Γ + ∞ when p = 2 and F is exceptional. In particular, it would be interesting to determine its relation to the logarithmic class group in this case. The result follows, since the leftmost vertical arrow is an isomorphism for sufficiently large n.
5.
Corollary 5.7. Let F be a number field. Let D(F, j) = 2-div(H 2 (F, Z 2 (j + 1))).
For all j ≥ 1 and all sufficiently large n there is a short exact sequence
Thus, D(F, j) = W Ké 
